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Exercise 1 4 pts Choose the correct answer
Let

120 mn

A=[l,4o00[ and B:{l+2, 1§m§2},
x

1. We have
a. infA=1 b. inf A does’t exist c.
2. We have
a- maxA=1 b- max A does’t exist
3. We have
a- supB =3 b- sup B does’t exist

4- let f (x) = arcsin 2z then the deriwative of f is

2 2
a.  fle)= — b fl(@)= ———
1—(2x) 14 (22)
5-lim,_.q Sm‘%_lxw equal
a. 1 b. -2 c.
6-If f (x) = fz—;ll then the domain of defintion of f is
a. DfZR—{—l} b. Df=[1,+oo[ e
7- The integral of I = /ﬁdw is
a. I = arctanx+C' b. I =tanz+C c.

1
8- The integral of J = / H%d;c 18
0

a. J=1In2 b.

C-

infA=2

max A = +oo

Dy =R*

I=In(z”+1)+C



Exercise 2 3 pts Consider

f(x):{sinsc, ) z <0,

e*—e ™ x>0

1. Determine the domain of definition Dy
2. Study the continuity and deriwability at o =0

Exercise 3 5 pts Let

In2 In2
Fe= /xchzmdaz and J = /xsthd:n
0 0
where . Y . Y
chx:% and shx = e ¢
1 Show that

ch?z —sh?z =1 and ch®z + sh®z = ch2z

2- Detrmine by part the following integral

K= / xch2xdr

3. Determine I — J and I + J.
4. Deduce the value of I and J.

Exercise 4 5 pts Let

2 2

1 "In (1 + 2t)
fl) = I'= | fld)de andJ= | =%l
222 +x 1/ 1/ t2

1-Determine two real numbers a and b such that, for x € [1;2], we have

2. Deduce the value of T
3. Determine by part the integral J

Exercise 5 3 pts Let
U1 (27()’ 2) ; U2 (la 1a _1) , U3 (_L 13 0) and v (9a _3a O)

1- Show that vi, vo and vs are linear independant
2- Show that vy, vy and vs are combination of v.
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1 Exercise 1 (4 points)

Exercise 1 4 pts Choose the correct answer

Let
A=[l,40[ and B= {i-l—?, 1§x§2},
1. We have
a. x infA=1 b. inf A does’t exist c. infA=2

2. We have

a- maxA=1 b- = max A does’t exist c-max A = 400
3. We have

a-x supB =3 b- sup B does’t exist c- sup B = g

4- let f (x) = arcsin 2z then the deriwative of f is

a. T f’(av):# b. f’(x):# c. f’(x):;
1—(2z)° 1+ (2z)° 1—(2z)?
5- lim,_,¢ w equal
a 1 b. -2 c. 3
6-If f (x) = \/;”27__:1 then the domain of defintion of f is
a. Dy =R—-{-1} b. © Dy =[1,+o0[ c. Dy=R"

7- The integral of I = /ﬁdw 18
a. =z I =arctanxz+C b. I =tanxz+C c. I=1In (sc2 + 1)+C’
1+x

1
8- The integral of J = / —_dx is
0

a. T J=In2 b. J=3 c. Jz%



2 Exercise 2 (4 points)

Solution 2 Consider the function defined by[cite: 55]:

) = {sinx, z <0

et —e ™™ x>0

1. Determine the domain of definition Dy

The function is defined piecewise:
1- The domain of definition is the union of these intervals:

Dy =]-00,0[U[0, +o0o[=R.....0.5

2. Study the continuity and derivability at xy = 0
Continuity at zq = 0: For f to be continuous at 0, we must have lim,_,q- f(z) =
hInw—»O+ f(‘,I'.) = f(O)

e Left limit: lim, ,o- f(z) = lim,_o- sinz = 0.

e Right limit: lim,_o+ f(2) = lim,_o+(e* —e®)=e’—e0=1-1=0.

e Function value: f(0)=¢"—e7 0 =0.

Since lim,_o- f(z) = lim,_o+ f(z) = f(0) = 0, the function is continuous
at £g =0....1 pt
Derivability at zo = 0: We calculate the left and right derivatives.

e Left derivative (f;(0)):

£4(0) = lim f@)=fO) _ ,, sinz=0_., ..
r—0~ X h—0— X

e Right derivative (f}(0)):

) 0) (e*—e™®)—0 0
0= I e = T 0
Using L’Hopital’s rule:
B 2% = B % 9. 05
z—0t T z—0+ 1

Since f;(0) = 1 and f3(0) = 2, we have f;(0) # f;(0). Therefore, the
function is not differentiable at zg = 0.....0.5 pts



Exercise 3 (5 points)

In2
0

1n 2

= zsh?z dzx

Solution 3 Let I = zch®zdz and J =

1. Show the identities

(Assuming the question asks to verify these standard hyperbolic identities):

et +e % et — e %
chx = — shx = T

2 2
h’z —sh?z = = —
ch“z —sh®z (

621‘ + 2 + 6721' 621' —92 + 6721'

4 4
4
= 1= 1....0.5 pts
2z 2 —2z 2z _ 2 —2z
ch’z +sh’z = £ rATE Ze TE
2(62119 +e—2x) 621: +e—2x

= i = 5 = ch2z....0.5 pts

2. Determine by parts the integral K = [ zch2zdx
Let u=x2 = « =1. Let v/ = ch2z dr = v = sh2z.
Using integration by parts [udv = uv — [ vdu:

"1
/xch2:1: dr = gsh2x - / §Sh2l‘ dx

2

zsh2r  ch2zx
2 4

x 1/1
= §sh2x — = <§ch23:> +C

K(z) =

+ C....1pt

3. Determine / —J and [ +J

Calculate I — J: s
I-J= / z(ch®z — sh®z) dx
0

Since ch?z — sh?z = 1:

n?2 2 In2 2
In?2
I—J:/ scd:c:[x—] _ 2"
0 0

2



Calculate I + J:
In2 In 2
I+J= / z(ch®z + sh’z) de = / xch2x dr
0 0

Using the result K(x) from question 2:

rsh2zx cth] 2

T4 |

0

We evaluate hyperbolic functions at x = In 2:

2r =2In2 =1In4

In4 _ _—1In4 4_1 15 1

sh(ln4) = e _4ma_a b
2 2 2

In4 —In4 4 1 17, 1

hflpg=® Te - Pt 4 U

2 2 2 8

Now substitute:

I+J= (LQ;(%) - %) - (0— i)

_15ln2_1_7+§_151n2_3 1 ot
T 716 3273 16 327F

I+J

4. Deduce the value of I and J
9

We have the system: l)I—J:% 2) [+ J=102_ 2
Adding (1) and (2):

2 2
(m2)?  15m2 9 (2’ 15m2 9 .

2 =
2 16 32 4 32 64

Subtracting (1) from (2):

_(15In2 9 (In 2)? _15m2 9 (In2)?

2 32 64 4

Exercise 4 (5 points)

Solution 4 Let f(x) = ﬁ and I = f12 f(z)dz. Let J = ff hl(lt_j%)dt



1. Determine ¢ and b

We want f(z) = 2 + ﬁ

1 _alx+1)+br  (2a+bz+a

z(2x+1) z(2z+1) = z(2z+1)

Comparing numerators: a =1 and 2a+b=0 = 2(1)+b=0 = b= —2.
Thus:

2. Deduce the value of [

2
1 \z 2z41

I =[ln|z| —In|2z+ 13

Recall that [ % = In |u|.

I=(n2—-1In5)—(Inl—1n3)

I=In2-In5-0+1In3=1In (2—53) =In (g) ....2 pt

3. Determine by parts the integral J

Let u=1In(1+2t) = u’:ﬁ. Let v/ = 3 = v=—1.

2 2
J:[_M] _/ <_1> %
t i Ju t) 1+2t
Jeff g f 2 +2/2;dt
N 2 1 1 t(142¢t)

Notice the remaining integral is exactly I (with variable ¢ instead of x):

2
1 6
- gt=I=In-
/12t2+t n(5>

1
J:_ans +1n3+2(In6 — In5)

So:

J=1n3—h175—|—21n6—21n5=1n3—|—1n36— glnS

5
Jint = In(108) — 3 In5....2 pt



Exercise 5 (3 points)

Solution 5 Let vectors: v1(2,0,2), va(1,1,—1), vs(—1,1,0) and v(9,—3,0).

1. Show that vy, vy, v3 are linearly independent
we have
201 + a0 — a3 =0
11 + oV + agvy = Ops = Oa; +as +a3 =0
2&1 —LY2+OO£3 =0
= a;=ay=a3=0...1.5pt
2. Show that v is a linear combination of v, vy, v3
v is a linear combination of vy, vs, v3iff there exixt scalars «, 3, such that
avy + Pve + vz = v

We solve for «, 3,y such that av; + Bvs + yvs = v:

2 1 -1 9
alo|+8l 1]+ 1]=(-3
2 —1 0 0

System of equations:

Substitute (3) into (2):
20+7=-3 = y=-3-2¢c
Substitute § and v into (1):
2004 (20) — (-3 —2a) =9
20+ 2a+ 34+ 20 =9
ba=6 = a=1
Find g:
B=2(1)=2

Find ~:
vy=-3-2(1)=-5

Result: The vector v is a linear combination of the others:

v = lv; + 2v9 — bvs....1.5 pt



